65. @) N =4- 2
R (b) 4 days: 4 - 2* = 64 guppies
1 week: 4 - 27 =512 guppies
(¢) N()=2000
4.2" =2000
2! =500

In2 =1n500
¢tin2 =1n500

t= In 5(;0 = 8.9658 There will be 2000 guppies after

n
8.9658 days, or after nearly 9 days.

(d) Because it suggests the number of guppies will
continue to double indefinitely and become arbitrarily

large, which is impossible due to the finite size of the
tank and the oxygen supply in the water.

66. (a) y=41.770 x + 414.342

—
,«"'"fy

7

h_.r‘

]

-5, 25} by [0, 1500}

(b) y= 41.770(22)+414.342 =1333
1333-1432=-99

The estimate is 99 less than the actual number.
©y=mx+b
m=41.770

The slope represents the approximate annual increase
in the number of doctorates earned by Hispanic
Americans per year.

67. (a) y = (17467.361) (1.00398)" =

ey
.

o]

-

[~5. 25] by F17000, 20000}

(b) (17467.361) (1.00398)% = 19,138 thousand or
19,138,000

19,138,000 — 19,190,000 = —52,000
The prediction is less than the actual by 52,000.

17,558
17558 _ 0398 or 4%
© 19.138)23) oree
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68.(aym=1
b)y=-x-1
©y=x+3
@2

69.(@) (2, 2)x—-2>0
(b) (—oo, ) all real numbers

© f(x)=1-In(x-2)

0=1-In(x-2)
1=iln(x-2)
=x-2
x=e' +2=4.718
@) y=1-in(x-2)
x=1-Iln(y-2)
x—1=-In(y-2)
&F=y-2
y=e"F+2

© (Fof )0 =Ff @)= F2+e™)
=1-lnQ2+e"™ =2)=1-In(e"™)
=l-(1-x)=x

o= (fo) = - In(x-2)

=04 ) g in(x=2)
=2+(x-2)=x
70. (@) (—oo, o0) all rea]inumbers
(b) [-2, 4] 1 = 3 cos (2x) oscillates between ~2 and 4
©m
(d) Even. cos (—6) =cos (8)
(e) x=2.526

Chapter 2
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51

Section 2.1 Rates of Change and Limits
(pp. 59-69)

Quick Review 2.1
1. f(2)=202*-52)*+4=0

‘ 42)% -5 11
2. N= =
f@ 244 1{2

3. f(2)=sin(7r%)=sin 7=0

11
4. f(2)= =~
f@=2773




0 x*-3x—18 _(x+3)(x=6) _

52 Section2.1

5. |x<4

-4<x<4

6. §x| <c?

~t<x<c?

. lx—2l<3

~3<x-2<3
—-l<x<5

. |x—cl<d2

—d?<x-c<d?
—d?>+c<x<d*+c

x=6, x#=3
x+3 x+3

2P -x  x(2x=1) _ x 1

X = LXE
2%+ x—=1 Cx=D(x+1) x+1 2
Section 2.1 Exercises

2_ 2
L _A_Xz 16(3)" —16(0) =48%€c

At 3-0
Ay _ 16(4)> = 16(0)°

L= =641
At 4-0 o
2 _ 2
3, &y _16G+m Z160) o h=001
At h
_ 16(3+0.01)> ~16(9) _ 16(9.0601) ~16(9)
0.01 0.01
_1449616-144 _ 0.9616 _96.16Y,
0.01 0.01
Confirm Algebraically
Ay _16(3+h)* -16(3)°
At h
16(9+6h+h?)—144 96k +16h>
-1 ; ) = =(96+16m) Y
if h =0, then &y = 96i
At sec

4 Ay _ 1604 +h)~16(4)”
Y h

say h=10.01
16(4+0.01)* —16(4)*

0.01
_ 16(16.0801)-16(16)

0.01
_ 257.2816-256

0.01

= 12816 = 128”163
0.01 sec

. lim

Confirm Algebraically

Ay _16(4+h)* —16(4)’
At h
_ 16(16+8h+h*) =256

h
_128hr16n

h
= (128+16h)i
sec

ifh=0, then 2 =128
At sec

L lim (2x° =3x2+x-1)

xX=¢
=2c%-3c% +c-1
-+
X—=¢ x2+ 9 {
_ =41
249

lim 3v2Qx-1)=3] -+ (-1 o1]=s( Dz
" xoomif2 2 2 4

Graphical support:

FRERIHlrs R V] /

I e
3. 31by{ -2, 2]

. lim (x+ 3)1998 - (_4+3)1998 =(__1)l998 =1
x->—4

Graphical support: !

ISR 1988

AN

p
,W -
RE K . P 5L, s

{4,001, ~3.999] by [0, 5]

. lim (x° +3x2 = 2x—-17) = ()% +3(1)* - 2(1) - 17

x>l

=1+3-2-17=-15
Graphical support:

S Y Y I ¥ ‘('

/

W=t s ’1;'
[~3,3] by [-25,25]




Y +5y+6 22 +5(2)+6 _ 20

10. lim =5
L y-2  y+2 2+2 4
Graphical support:
ISR +TR ORI (G e2)
_’ﬁ,,(-a:*"’
fErd fv:s

[~% 3] by [-5. 10)
y +4y+3 (-3)? +4(-3)+3_0_

11. lim
-3 yr =3 (-3)%-3 6
Graphical support:

4RI RS IR~ 3D Y

“,

12. lim intx = intl =0
x=1/2 2
Note that substitution cannot always be used to find limits
of the int function. Its use here can be justified by the
Sandwich Theorem, using g(x) = A(x) = 0 on the interval
©, 1).

Graphical support:

kAt deA] -

42,5 e g
[-47,47 by [~ 3.1, 3.1}

13. lim (x-6)2"=(2-6)"3=3(-8)* =64 =4

x==2

Graphical support:

ez AR -q122

e

Y WY

{10, 10] by [~ 10, 1]

14. lirr;\/x+3 =2+3=+5
x>

Graphical support:

FA=TIRo 3 o

=2 Y= 228040
(47,47 by [~31,3.1)
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15. You cannot use substitution because the expression

Jx—2 is not defined at x =—2. Since the expression is not
defined at points near x = -2, the limit does not exist.

_— N
16. You cannot use substitution because the expression —- is
X

1 o
not defined at x = 0. Since — becomes arbitrarily large as
1 X
x approaches 0 from either side, there is no (finite) limit.

1
(As we shall see in Section 2.2, we may write lim = 0,)
x—0 X

I

17. You cannot use substitution because the expression — is
X

X X

not defined at x = 0. Since lim U =-] and lim U =1,
X507 X x—0" X

the left- and right-hand limits are not equal and so the limit

does not exist.

18. You cannot use substitution because the expression

2
w is not defined at x = 0. Since
X
N2 2
A+x)7=16 _BxX+x" g\ forallx #0, the limit exists
X X

and is equal to lim (8+x)=8+0=38.
x=0

19. !

AaCiEAS Pat ? !.)

R i

[ 4?4!]by ENRERT

x-1 1

i
x->1 ‘xz -1 2
Algebraic confirmation:

x—1 1 1

1 =

1m im ‘}‘
x—)1x2_1 x—)l()(-}-l)(x—l) x—>1x+1 I+1 2

20.

4TRL- 3Ee LSRR 4)
o

/|

fhze ){ A
[~4.7, 4.7] by [~3.1. 3.1)

. =342 1
Iim————=—
-2 24 4

Algebraic confirmation:

2
limt 23t+2=1im(z Dt 2)=1imt'1=2"1:l
-2 -4 -2 =-20+2 242 4
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21. Algebraic confirmation:

(ST P BRI GRA- 16022

R x]

R4

3_ 2 3
lim(2+)c) 8=ﬁm12x+6x +x
x=0 X x>0 X

= lil%(12+6x+x2)
=12+6(0)+(0)*> =12

{47,471 by (3.1, 3.1) 24,
im 5x3+8x2 _ _l Az EInCE s
03541622 2 . / \\ N
Algebraic confirmation: e el
- 5x°+8x% i x*(5x+8) _— -
03x* —16x2 0 x2(3x2 -16) [~4.7, 4.7} by [~3.1, 3.1}
5x+8
= hm )26 . sin2x
x-03x"~16 lim =2
_5(0)+8 =0 x
T 30)2-16 Algebraic confirmation: !
8 1 . .
== sin2x sin2x
- li =21 =2()=2
16 2 xg}}) X .xlir(]) 2x ( )
22. -
,'é%:(i/(gl:‘!{}"ifz’h‘ﬂ EETTEET
'
( 1
i ! i weg e

{4747 by [~3.1, 3.1}

L
lim 2+x 2 = _l
x—0 X 4

[(~4.7,47] by [~31,3.1]
. sinx

lim —

x=02x —x

Algebraic confirmation:

=-1

Algebraic confirmation: sinx 1
lim = —_
1 _ 1 ) x>0 2‘x2 —x x0\ x 2x -1
-2+
lim 2+ 2 _ lim 2+x) . osinx ) .. 1
x>0 X x—0 =| lim— || lim
—x -0 X x—0 2[\t -1
= lim ————
=0 x(2+x) (2) 26.
-1
= lim T SntRNR
x=02(2+ x) -
ol e
202+40) 4 l
23. = 5
e [~4.7,47) by [~3.1, 3.1}
' x+sinx
y lm———=2
\W/ xl—r:}) X
uso e Algebraic confirmation:
[~4.7,4.7] by {35, 20 . x+sinx sinx
lim =lim| 1+ —
@+ x)3 _g x—0 X x>0 X
lim —————=12 :
=0 x =(1im 1)+ lim 222
x—0 -0 X

=1+1=2




27.

28.

29.

30.

31.

32.

33.

34.

35.

Vi=CsincaNzoR

g=0 \/L=

[~4.7, 47 by [~3.1, 3.1]

s 2
. SIn“x
lim =0
x>0 X

Algebraic confirmation:

.2 .
. sin“x . . sin x
lim = lim (smxv—)
X

x>0 X x=0

L. . sinx
= (hm smx) "(hm »—)
x—0 x>0 X

= (sin0)(HD=0

71 025intu A sin 2R |
L1
,/"F \\ \

LT

{~2.2] by [~10, 10}

3sindx
m—-—=4
x>0 sin3x

Algebraic confirmation:

lim 3sm4x;=4lin})(sm4x ) 3x J
X

x>0 sin3x 4x sin3x
_ 4(lim sm4.x)+(nm sm3x)
x>0 4x =0 3x
=4(D)+(1)=4

Answers will vary. One possible graph is given by the
window

[-4.7,4.7) by [-15, 15] with Xscl =1 and Yscl =5.

Answers will vary. One possible graph is given by the
window

(=47, 4.7} by [-15, 15] with Xscl = 1 and Yscl=5.

Since intx=0 for xin (0, 1), lim intx=0.
x—>0"
Since int x =—1 for x in (-1, 0), lim intx=-1.
x—0"
Since intx=0 forxin (0, 1), lim intx=0.
x—0.01

Since int x = 1 for x in (1, 2), 1irr21 intx=1.
x—2"

Since X =1 forx >0, lim = =1.

‘x{ x—0" m -

Section 2.1

36. Since - = —1 forx <0, lim 2= =-1.
|x! x—=0" |x|
37. (@) True
(b) True

(c) False, since lim f(x)=0.
x-07
(d) True, since bothtare equal to 0.
(e) True, since (d) is true.
(f) True
(g) False, since lim f(x)=0.
x>0

(h) False, lim f(x)=1,but lim f(x) is undefined.
x—-1" x—1

(i) False, lim f(x)=0, but lim f(x) is undefined.
x->1" x—1

(j) False, since 1i1121~ fx)=0.
X

38. (a) True

(b) False, since lim f(x)=1.
x—2

(¢) False, since lim f(x)=1.
x—2

(d) True

(e) True |

(f) True, since lim f(x)# lim f(x).
x->1" x-->1"

(g) True, since both are equal to 0.

(h) True

(i) True, since lim f (x)=1for all cin (1, 3).
X—0C

39. (a) lirr31_ f(x)=3

(b) lim f(x)=-2

(¢) lim f(x) does not exist, because the left- and right-
x-3

hand limits are not equal.

d f3)=1

40.(a) lim g)=5
14"

(b) lim g(r)=2
14" :

(c) lin_14 g(t) does not exist, because the left- and right-
1>
hand limits are not equal.

(d)g(-4)=2

55
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4L (@) lim f()=—4

®) lim f(h)=—4
h—0"

() ,111_33) fh=-4

@fO)=-4
42.(a) lim p(s)=3

52

(b) ‘lin; p(s)=3

(© lim p(s)=3

s—>-2
(d) p(-2)=3
43.(a) lim F(x)=4
x-0"
() lim F(x)=-3
x—0"
(c) lirra F(x) does not exist, because the left- and right-
X
hand limits are not equal.
@ F@O)y=4
44, (a) lim G(x)=1
x—2"
(b) lim G(x)=1
x=27

(© lin;G(x) =1

dG2)=3
2 -— —
45. yl=x T 2=(X 1)(‘x+2)=x+2,x¢l
x—1 x-1
©
2
X5 x— +D(x—-2
46. yl___x X 2:(‘x )(x—2)
x-1 x-1
(b)
2 _ Ty
PR o A T b M R
x-1 x—1
(d)
2 " ——
48 ylz.x +x 2=()c D(x+2)
x+1 x+1
()

49, (a) lim (g(x)+3)= (lim g(x)) + ( Hm 3) =343=6
x—4 x—4 x—4

 tim s 0=l i £ 0) 4 0=0

2
. 2 T _ a2 _
© lmg*w)=ima) =3 =5

- lin}tg(‘x) 3
. g(x =__L_..__=_=_

50. @) lim (f(x)+g(x))=(1ij)x;7 f(x))+(1i_r)r;7 g(x))
—7+(=3)=4

() lim (7(3)-g0x) = ( ggnbfcx)) ( lim g(x))
=(7) (3)=-21

(© lirr}) 4g(x)=4 lin}) glx)=4(-3)=-12

lim £ (x)
x—=b g(x) l1_r)x}) glxy -3 3

51. (a)

\\:/

[-3,6] by [-1, 5]
) lim f(x)=2;lim f(x)=1
x-2" X2

(¢) No, because the two one-sided limits are different.

52. (a)
\

N

[-3,6] by [-1, 5]
®) lim f(x)=1lim f(x)=1
x=>2" x=-»2"

(¢) Yes. The limit is 1.

53. (a)
J
i

[-5, 5] by [-4, 8]

(b) lim f(x)=4; lim f(x) does not exist.
x-1" x—-1"

(¢) No, because the left-hand limits does not exist.




54. (a)

-

LN

[T\

[-4.7,4.7) by [-3.1, 3.1]
() lim f(x)=0; lim f(x)=0
x—-1" x—-1"

(¢) Yes. The limit is 0.
55. (a)

FANN NS
N

{~2m, 21t} by [-2, 2]
(b) (2, 0)u (0, 2m)

() ¢ =2
d) c= -2
56. (a)
~ ’J

~

[-m, 7] by {-3, 3]

(c)c=m @d c=-m
57. (a)
=2, 4] by [~], 3]
()0, Hu(l,2)
(©c=2 dc=0
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58. (a)

(4.7, 47] by [3.1,3.1]
(®) (—oo, - U -1L,D U (1, )

(c) None (d) None

59.
[FERRATR

N\

b Kkl \\

47,47 by 3.1, 3.1]

lim (xsinx)=0

x—0

Confirm using the Sandwich Theorem, with g(x)= —.x‘
and h(x)= M

'xsinx‘ = [x‘ \sinx‘ < M.l: ‘x’

—{xl <xsinx < ]x1

Because lim (~|x[j= limlxl =0, the Sandwich Theorem
x—0 x—0

gives lim (xsinx)=0.
x>0

60.

Yo=Y ESINCRY /
iy Pl \
[~4.7.4.7]by {5, 5]

lim (x*sinx)=0
x—0
Confirm using the Sandwich Theorem, with g(x) = ~x%and

h(x) = x%.
[xz sin.x‘:’le |sinx| < ‘xz‘ 1=x2

—x?<x%sinx <x?
!
Because lim (—xz) = lim x* = 0, the Sandwich Theorem
x—0 x—0

gives lim (x2 sinx)=0
x>0
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61.

QRES TS FE <]

lim (xz sin iz) =0
X

x—0

Confirm using the Sandwich Theorem, with g(x) =— x*and

h(x) =x>.

o1 L1
%2 sin— =|x2}“ sin— < xz‘wl:xz.
X X
.1 ;
—x2 < x? sm—2£x2

X

Because lim (—‘xz) = lim x% = 0, the Sandwich Theorem
x>0 x>0

x—0 X

give lim (xz sin~1-2—) =0.

62.

FeRasosLiugy

Rt Yz
[~ 0505 by | 0.25 0.25]

1
lim (x2 cos—z) =0
x—0 X
Confirm using the Sandwich Theorem, with g(x) = - x*and

hix) = x2

1
xzcos——z- S’.x2‘~l=x2¢

X

1
cos—

2
o
X

2 1
—x*<x? cos — <x?

X

Because lim (—xz) = lim x* = 0, the Sandwich Theorem
x—0 x>0

give lim (xz cos—lg) =0.

x=0 X

!
63. (a) In three seconds, the ball falls 4.9 (3)* = 44.1 m, so its
average speed is %1 =14.7 m/sec.

(b) The average speed over the interval from time ¢ =3 to

time 3 + A is

Ay _493+h)’ -4.9(3)° _49(6h+h")

At @B+h)-3 h
=29.4+4.9h

Since }l‘m(l) (29.4+4.9h)=29.4, the instantaneous speed
—
is 29.4 m/sec.

64.(a) y=gt’
20 = g(4%)
20 5

=222 50125
856 2™

;
(b) Average speed = ? =5 m/sec

(c) If the rock had not been stopped, its average speed over
the interval from time t =4 to time t =4 + h is
Ay _125(4+h)>=125(4)* _125@8h+h%)
At (4+h)-4 N h
=10+1.25h
Since ’11132) (10+1.25h) =10, the instantaneous speed is

10 m/sec.

65. True. The definition of a limit.

66. True
e L (o
sinx=xas x—0.
67.C.
68.B. i
69.E.
70.C.
71. (a)
x -0.1 -0.01 -0.001 l -0.0001
F(x) | —0.054402 | —0.005064 | —0.000827 ,—0‘000031
(b)
x 0.1 0.01 0.001 , 0.0001
f(x) | —0.054402 | —0.005064 | —0.000827 ’ —0.000031

The limit appears to be 0.




72. (a)
o x -0.1 -0.01 —-0.001 —0.0001
f(x) 0.5440 0.5064 —0.8269 0.3056
(b)
x 0.1 0.01 0.001 0.0001
f(x) —0.5440 -0.5064 0.8269 -0.3056
There is no clear indication of a limit.
73. (a)
x -0.1 ~0.01 -0.001 -0.0001
f(x) 2.0567 2.2763 2.2999 2.3023
(b)
x 0.1 0.01 0.001 0.0001
f(x) 2.5893 2.3293 2.3052 2.3029
The limit appears to be approximately 2.3.
74. (a)
x -0.1 -0.01 -0.001 -0.0001
f) | 0.074398 | —0.009943 | 0.000585 | 0.000021
(b)
x o1 | 001 0.001 | 0.0001
fx | -0.074398 ; 0.009943 | —0.000585 ) -0.000021
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76. (a) The limit can be found by substitution.

E_Igf(X)=f(2)=\/3(2)—2=\/Z=2

(b) The graphs of y, =f (x), y,= 1.8, and y, =2.2 are
shown.

sl

/

Intersection
xgi,?*;g%'gf’ R

{15,251 by [1.5, 2.3}
The intersections of y, with y, and y, are at x = 1.7467
and x = 2.28, respectively, so we may choose any

value of a in [1.7467, 2) (approximately) and any
value of b in (2, 2.28].

One possible answer: a = 1.75, b =2.28.

(c) The graphs of y, =1 (x), y, = 1.99, and y; = 2.01 are
shown.

Rt SRR gsime .,
[1.97, 2.03] by [1.98, 2.02]
The intersectiohs of y, with y, and y, are at x = 1.9867

The limit appears to be 0.

75. (a) Because the right-hand limit at zero depends only on
the values of the function for positive x-values near
zero.

. 1 . 1 . sin@
(b) Area of AOAP = > (base) (height) = > (1) (sinf) = >

(angle) (radivs)® _ 0 ()* _ 6

2 2

Area of AOAT = %(base) (height) = %(1) (tan6) =

Area of sector OAP = 5
tan 6

(c) This is how the areas of the three regions compare.
(d) Multiply by 2 and divide by sin 6.

(e) Take reciprocals, remembering that all of the values
involved are positive

(f) The limits for cos 6 and | are both equal to 1. Since

sing . . ..
' is between them, it must also have a limit of 1.

sin(—0) —sin6 _ Eﬂg
-6 -0 0
(h) If the function is symmetric about the y-axis, and the

right-hand limit at zero is 1, then the left-hand limit at
zero must also be 1.

(g

(i) The two one-sided limits both exist and are equal to 1.

and x = 2.0134, respectively, so we may choose any
value of a in [1.9867, 2), and any value of b in
(2, 2.0134] (approximately).

One possible answer: a =1.99, b =2.01.

77. () f‘(%): sin% =

(b) The graphs of y, =f (x), y, = 0.3, and y, = 0.7 are shown.

I
Ttkerivction
S L S N e v—

{0, 13 by {0, 1]
The intersections of y, with y, and y, are at x = 0.3047
and x = 0,7754, respectively, so we may choose any

value of @ in [0;,3047,%), and any value of b in

(% ,0.7754], where the interval endpoints

are approximate.

One possible answer: a = 0.305, b =0.775.
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77. Continued
(c) The graphs of y, =f{x), y, = 0.49, and y, = 0.51 are

shown.
-

e

Tnterzeckion
= S1LORRCE V=8

(049, 0.55] by [0.48, 0.52]

The intersections of y, with y, and y; are at x =~ 0.5121
and x = 0.5352, respectively, so we may choose any

value of a in [0.5121,%), and any value of b in

(161:,0.5352], where the interval endpoints are
approximate.
One possible answer: a = 0.513, b = 0.535.

78. Line segment OP has endpoints (0, 0) and (a, az), S0 its

midpoint is Qjﬁ 0+a’ =2 é and its slope is
P 2 2 272 P

2
a0 = a. The perpendicular bisector is the line through

a—0

a a . 1 . ..
- ,— | with slope ——, so its equation is
2 2 a

1 2
y=——| x— L a—, which is equivalent to
a 2 2

1 1+d’ 1+d?

+ .
y=——x+ __29_‘. Thus the y-interceptis b=
a

point P approaches the origin along the parabola, the value
of a approaches zero. Therefore,
2 2
lim b= lim T4 0L
P—0 a-0 2 2 2
Section 2.2 Limits Involving Infinity

(pp. 70-77)

Exploration 1 Exploring Theorem 5

1. Neither lim f(x) or lim g(x) exist. In this case, we can
X—ye0 X—peo

describe the behavior of f and g as x — oo by writing
lim f(x)=c and lim g(x)=ce. We cannot apply the
X=yoo

X—yeo
quotient rule because both limits must exist. However,
from Example 5,

fim 225X _ iy (5+§1—’15)=5+0=5,

x>0 X Xx—yeo X

so the limit of the quotient exists.

. As the

2. Both fand g oscillate between 0 and 1 as x — oo, taking on
each value infinitely often. We cannot apply the sum rule
because neither limit exists. However,

lim (sin? x+ cos® x) = lim () =1,
X—yeo x—o0
so the limit of the sum exists.

3. The limit of fand g as x — oo do not exist, so we cannot

apply the difference rule to f— g. We can say that
lim f(x) = lim g(x)= . We can write the difference as
X-=yo0 X—yo0

fx)-g(x)=l@2x)-In(x+1) = 1n-2%- We can use
x+1

graphs or tables to convince ourselves that this limit is
equal to In 2.

4. The fact that the limits of fand g as x — co do not exist
does not necessarily mean that the limits of f+ g, f— g or

! do not exist, just that Theorerh 5 cannot be applied.
8

Quick Review 2.2
1. y=2x-3
y+3=2x
y+3 -
2

Interchange x and y.

x+3

2
=

x+3
2

W

i

[-12,12] by [-8, 8] !

2.y=¢"
Iny=x
Interchange x and y.

Inx=y

) =lnx

__///”’ﬂj
/

[—6. 6] b}' [—49 4]




3. y=tan_1x

tny=x, ——<y<—
_ y=x, —><y<o

Interchange x and y.
v aT
tanx=y,——<x<—
2 2

-1 w aa
=tanx,——<x<—
) Xy <x<y

[-6, 6] by (-4, 4]
4.y= cot™ x
coty=x,0<x<r

Interchange x and y.

cotx=y,0<y<

f'l(x) =cotx,0<x<r

)

[-6, 6] by [-4, 4]
S. 2

3
3x’ +dx— 5)2.x3— 3x4+x -1
8 10

23402+ S x——
X X 3x 3

T

~—3)52—~§—x+z

3
2
q(x)= 3

r(x)=-3x" - éx + 7
3 3

6. 2x% +2x+1
F=x? 4120+ 0x* = X+ 0x%+ x-1
25— 2x* 4 0%+ 242
2xt— P2t x-1
2x* = 2x% +0x%+ 2x

=232 x-1

= 22+ 0x+1

-x*- x-2
q(x)=2x>+2x+1
r(x)=-xt-x-2

Section 2.2 61

7. (@) i—x) = cos (—x) = cos x

ool

8. (@) fi-x)= e = ¢

(M%ﬂw”z

9.(a) f(—x):h%fcl:__lﬂ

- X

®) f(1J= /% _ iy =—xinx

x 1/x

10. (@) f(-x)= [—x + -—1——)sin (=x)= —(x + l](— sinx)
—X X

(e
o A (2ol

Section 2.2 Exercises
1.

—[

[~5,5] by [~ 1.5, 1.5]

o

LN ]
TIRE
: I Fl
Ve
300 ‘23835
Y1Boos (1KY

@) lim f(x)=1
() lim f(x)=1

(©) y=1
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Ll .

{10, 100 by [~ 1, }} [20, 201 by [—4, 4}
T ] e
$ = Q087 g
a8 | Saew EREL
S0 L0485 30 “2.827.
VIBSLnCZE )X WiE(IR+L x/ Cabs(...
(a) lim f(x)=0 (a) lim f(x)=3
X—yo0 X—y00
() lim f(x)=0 () lim f(x)=-3
X300 X=y=—o0
(©y=0 ©y=3,y=-3
3 6.

k =

a —

[—35, Sthy [—10, 10 {~20, 20] by {4, 4]
T AT
100 | 4E-hs 100 0838
206 | PE-80 200 g2¢
S0 o S0 g10d
e | B 3033 ’?ggz
560 | -WERK -zga 2,035
300 | ERERR MRy
REE RN Ve B{2K-13/Cabsd..,
(a) lim f(x)=0 (@) lim f(x)=2
X—yoo x—yeo
(b) lim f(x)=-o () lim f(x)=-2
X—y—c0 X— =00
©y=0 ©y=2,y=-2
4, 7

N Y
L

t

{10, 10] by {~ 100, 300} [~5,51by |2, 21
; @zs -l
§ QY 106 1
4 i |l
:106 30820 .100 :3
| B E Bk
Y B(IRI-RAL1 /(K Y BX s abs (X))
(@) lim f(x)=o0 (a) lim f(x)=1
X0 X—>o0
(b) lim f(x)=o0 () lim f(x)=-1
X=y—co X—>=—00

(c) No horizontal asymptotes. ©y=1,y=-1




{~5,5}by [~2,2]

T |
10 3831
20 Jaggoz
§ 0 '3’53
doe g5,
~Sop | 1838

ViBabs (37 (abat.
@ lim f(x)=1
Xx—>00
(b) lim f(x)=1
X=—y—eo
(@y=1
9.0<1-cosx<2. So, forx>0wehave 0<1—cosx < —13—
x
By the Sandwich Theorem,
1—cosx

0= lim (0) = lim

x—yeo X  x

.1
= lim —=0.
x—)wxz

10.0< 1 —cos x< 2. So, for x > 0 we have ——1— <l-cosx<0.

5 <
X
By the Sandwich Theorem,
I—cosx

.1
0= lim (0)= lim = lim —7=0"
X—y—e0 X=do X X—=00 x

11. -1<sinx <1

lim —_—1= lim l=0«
X=X X—>—o0 X

12. —1<Ssin(x®) <1

lim _—1= lim ~1—=0.,
X% X x=e X

13.

e
 Besenehasnnegsusnsrsmenhrssiiosdissaooh

T,
.

[~2,6]by [~1, 3]

s
¥

PRI
R e S

Section 2.2

14.
p—
(-2, 6) by {3, 3]
X_Tval
1.2 1.5 4
15 ~ig
1 -
1.8 -18
{igs | i3k
13599 | -15998
g BN (-2
lim —>— = —eo
=20 x=2
15.

i

(=7, liby [~3, 3]

Zoke | "ot
WeHLS (RS

X

= —00

lim =
x=-3 x+3

16.

o

-

{7 Hby {3 3]

AT

‘2% | ek
28 168

= |4

8 18
-2y | -283
2,539 | +2839
V18X (K3
lim —— = —o0
x—-3 x+3

63
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17. 20.
——— ‘/': P k-\,./'
'/-"
A {
{4, 4] by [ 3, 3] [, ] by (3,31
¥R T
E T
503 £ |8t
¥ e pe s
£ 18 AR
FYHINLCRI S ViHI Zcos ()
B intx _ lim secx=—co
L ey
18. 2. y=|2- X %2 - 2x+1)—x x2
; ‘ x+1 )\ 5452 x+1 5+ x?
o ../'/‘:
e St _(‘x+2) ) 2P+d
x+I N 54x% ) xBP+x2+5x+5
¥
[~4, 4] by [~3, 3] An end behavior model for y is == 1.
" y 3 X

19.

2. kil

-8 1.28

- 25

“Z £

~4 10

<8t | Lou

~00% | 1000
CAE-Y | 100ve
V1Bt (¥ <X

i 22.

. Intx
lim —— =0
x-0" X

s
! \\&
13,3 by -3 3]
23.
%
8 1.39%
1 25679
2 £0335
1 10.083
01 100
081|100y
(E-4 | 10000
Y1HL s1n{K)

lim cscx = o0
x—0"

limy=liml=1

X—yo0 X—oo
lim y= lim 1=1
x—y—eo x—r—so

2+ x
X

(2 )(5#—1) (

y: —+] 5 =

X X
5+ 10x% - x-2

X3

) 5x%—1
)CZ

3

An end behavior model for y is —5——)%— =35.
X

|

lim y=lim5=5
x—>eo

X—yo0
lim y=lim 5=35 |
X—y—eo X—y—o2 Y
Use the method of Example 10 inl the text.
1
cos| -
. X . cosx cos(0) 1
lim = lim = =-=1
x—yoo 1 =0 1+ x 1+0 1
1+
X
im ] cosx _ cos(0) _ 1 =1

TS0 1+x 140 1




24. Note that y=m =p4 30X
X
So, lim y = lim 2+ lim 2% =2+0=2.
x=>eo X—>00 x—e0 X
Similarly, lim y=2.
X0
sinx sinx 1
25. Usey= = .
Y 2x%+x x  2x+1
im 22X =0
x>t X
. 1
lim =0
x—ke 2x 41
So, lim y=0and lim y=0.
X—>00 X—y—o0

26.y=lsmx+lsmx
2 x x x
So, lim y=0and lim y=0.

X—yoo X—y—o00

27.

J \
T

{~4,41by|~3,3]
@x=-2,x=2
(b) Left-hand limit at -2 is co.
Right-hand limit at -2 is —eco,
Left-hand limit at 2 is —eo,
Right-hand limit at 2 is oo,

28.
=
T,
{«7.5]by[~5,3]
@) x=-2

(b) Left-hand limit at ~2 is —oo,
Right-hand limit at -2 is oo,

29.

/"’M"’\"
[-6, 6] by [~ 12, 6]
(a)x=-1

(b) Left-hand limit at —1 is —oo,
Right-hand limit at —1 is ce.

30.

31.

32.

Section 2.2

j

J/FJ

[

(a)x=——;~,x=3

(b) Left-hand limit at —% 18 oo.

Right-hand limit at —-;— is —eo,

Left-hand limit at 3 is eo.
Right-hand limit at 3 is —ce.

SRR
i

{=2ar, 25 by 13, 3}

(a) x =k, kany integer

(b) at each vertical 4symptote:
Left-hand limit is —eo.
Right-hand limit is ce.

T L
NN

{~2%, 2n}by[~3.3]

T .
(@) x= 2 +n7r, nany integer

(b) Ifniseven:

Left-hand limit is o,
Right-hand limit is —ce.
If n is odd:

Left-hand limit is —oo,
Right-hand limit is eo.
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' tan x 1 sinx 1
— B ==
sinx sinXx COSX COSX

cosx=0at: a=(4k+ 1)% and b= (4k+3)% where k is
any real integer.
lim f(x)=oo, Hm f(x)=—ce, lim f(x)=—co,
x—>a” x—a* x—b"
lim f(x)=-ee.
x—b*
cotx cosx 1 1

34, f()=——== =——
cosx sinx cosx sinx

sinx=0at a=2kw and b= (2k+1)7 where kis any real
integer.

lim f(x)=~ce, lim f(x)=co, Hm f(x)=eo,
Im f(x)=—=.

3
35. An end behavior model is zi =2x2 (a)
X

5
36. An end behavior model is ;—2 =0.5x% (c)
X

37. An end behavior model is == = —2x°. (d)

38. An end behavior model is ~—— = —x%. (b)

39. (a) 3x°
(b) None

40. (a) —4x°
(b) None

X 1
41. (@) —=—
(a) I

(b)y=0

42.(a) —-=3

3x?
2

b)y=3
4x3 2

43.(a) — =4x

X
(b) None
4
4. (a) =5 =1
X

(b) None

.

45. (a) The function y = €* is a right end behavior model

x_..
because lim &2 = 1im(l~2x)=1—0=1.

X0 @F x>0 e*

(b) The function y =—2x is a left end behavior model

X —_ X
because lim ¢ 2x___ hm (—e—+1]=0+1=1.
x>0l 2X

x——es  —2X
46. (a) The functiony = Zisa right end behavior model

2 —X —X
. X" +e . e
because lim = lim [1+—-—2—)=1+0=1.

Xx—300 X x>0 X

(b) The function y = e~ is a left end behavior model

x——oo @~ % ‘x—-)—r e *

= lim (x?*¢* +D)=0+1=1.

X900

2 -x 2
because lim x e . lim (—)—C——+l)

47. (a, b) The function y = x is both a right end behavior model
and a left end behavior model because

. (x+1n]x‘) . ( In|x[]
lim| —|= lim | 1+— [=1+0=1.
x—>eo X x—>too X

48. (a, b) The function y = x2isboth a right end behavior
model and a left end behavior model because

2 . .
. xX° +sinx . S x
lim | —— |= lim | 1+ —— |=1.
Xx—>oo X Xx—yztoo X2

‘&R
.

{~4, 4] by (~1.3] ’

49.

Jummemanymy

1
The graph of y= f(—) = —1—61/" is shown.
x) x

X=>e x=0’ X

lm f(x)=lim f(—l—)= 0
x—eo” x—0" X




50.

[—4,4) by [—1,3]

2

The graph of y= f (l) Le‘""‘ is shown.
X

11m f(x)~ llm f(x)=0
hm f)= hm f(—l-)—

NIR

e AN

N\

%
[~3,3]by[~2,2]

51.

X

is shown.

The graphof y= f(l) =xIn
X
L, . 1
lim f(x)=lm f| —|=0
X—eo x>0 X
lim f(x)= lim f(—l—) =0
X—>—o0 x—07 X

52.

N

Jaeg o

[~5, 5} by [~1.5, 1.5]
The graph of y= f(l) = ST 4 hown.
X
lxmf(x)— 11m f(
X
l1m f(x)— hm f(l)=
53.(a) lim f(x)= lim (l)=o
xX—>—o0 x|\ X
(b) lim f(x) = lim (-1)=-1
o 1
(c) hrg_ fx)=1lim —=—ce

0" X

(@ tim f(x)= lim (-1)=~1
x—0" x—0"

Section 2.2 67

x-2 .X

54.(a) Lim f(x)= lim

xom0o x—1 xo—ox
(b) lim f(x)= lim iz=0
X0 X0 x

——2=0—2=2
—0" x—1 -1

!

1
d) I =1 — =0
( ) xgg* f(X) xE)I(’)l* x2

© Jim, fx)=

55. One possible answer:

Y
_._..__.“-_.,.._,._?:___

H L) f()g,(x) _ fi(x)/g(x)

57. Note that .
gl(x)/gz(x) g](x)fz(x) fz(x)/gz(x)

As x becomes large, L and 12— both approach 1.
& &,

h!1h
88

must also

Therefore, using the above equation,

approach 1.

58. Yes. The limit of ( f+ g) will be the same as the limit of g
This is because adding numbers that are very close to a
given real number L will not have a significant effect on
the value of (f + g) since the values of g are becoming
arbitrarily large.

59. True. For example, f(x)= hasy==*1as

x“+1
horizontal asymptotes.

60. False. Consider f (x) = 1/x.

61. A. hm approaches zero, so hm ——X—E approaches —oo.
2 _x—
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cos(2x) _ cos(0) _ 1

62.E. lim — undefined
-0 X 0 0
63.C.
3
64.D. 2i3 =-2
X

65. (a) Note that fg =f (x)g(x) = 1.
fo—oasx— 07, foewasx— 07, g—>0,fg>1
(b) Note that fg =f (x)g(x) = —8.
f—owasx— 07, f>—easx—0", g0,
fe—>-8
(¢) Note that fg = £ (x)g(x) = 3(x — 2)*.

fo>—oasx— 27, freoasx—> 2, g—0,/g—>0

(d) Note that fg= f (x)g(x)= (x _53)2 )

[0,z >
(e) Nothing — you need more information to decide.

66. (a) This follows from x — 1 < int x < x, which is true for
all x. Dividing by x gives the result.

(b, ) Since lim *=* = lim 1=1, the Sandwich Theorem

x—tes X x—>teo
. . intx int x
gives lim — = lim ——=1.
X—oo X X=3y—eo X

-X
¢ < l Since both 0 and —1—

x X x
approach zero as x — oo, the Sandwich Theorem states that

67.For x>0,0<e™ <1, s00<

—~X

must also approach zero.
X

68. This is because as x approaches infinity, sin x continues to
oscillate between 1 and ~1 and doesn't approach any given
real number.

2 2
69. lim ll& =2, because Inx = 2Inx =2.
x—e Inx Inx Inx
In Inx

. X . Inx
0. xlgr; l—<;g—>; =In (10), Since

=Inl10.

logx  (nx)/(nl0)

71 bm ln(x+1)=

x—e= Inx

Since In(x+1) =1n[x(l+l)]= lnx+1n(1+—1—),
x x

1 1
Inx-+In| 1+— In| 1+~
nGetd) [ xJ_H ( xJ

Inx Inx Inx

1

But as x — oo, 1 + 1/x approaches 1, so In(1 + 1/x)
approaches In(1) = 0. Also, as x — oo, In x approaches
infinity. This means the second term above approaches 0
and the limit is 1.

Quick Quiz Sections 2.1 and 2.2

X

2 — —
1.D. lim f——é where x = 3.1
x—3 x-3

4
(3.)°-3.1-6 _9.61-3.1-6 05 .
3.1-3 0.1 0.1

2. A. 3x+ 1 x<2is not done since lim
x—2*

—5—1 where x = 2.1

x+
5 5.3
21+41 31 3
3
3p X .3
2x° 2
4. a) .f(x)=°°;x=°°i°°=o

(b) For x>0, 1 <cos x< 1. Thus — < %% < 1 g
X X pe

cosx _ .. |
< lim . Because
x—oo X

lim—-1/x < lim
x—oo x—eo X

.= 1 . COSX
lim — =lim —=0, lim =0
x—oe X Xx—oo X X—re0 X

Cos X
,—1<cosx <1

() lim
x—ee X

lim l =0
x—es X

(d) Forall x>0,~1<cosx £ 1.

COS x

Therefore,—l < < 1
x X X

Since lim (-—l)= lim (l) = 0, it follows by the
P

X—>eo X X—>o0

Sandwich Theorem that lim cosx _ 0.
x—eo X




Section 2.3 Continuity (pp. 78-86)

Exploration 1 Removing a Discontinuity
1.x*-9= (x —3)(x + 3). The domain of fis (—o, ~3) U
(-3,3)uU (3,)orall x#£3.

2. It appears that the limit of fas x — 3 exists and is a little
more than 3.

e

{3, 6] by [2, 8]

3. £(3) should be defined as ?

4. £’ =Tx—6=(x=3)(x+D(x+2), x> =9
(+D(x+2) ¢

=(x-3N(x+3),s0f(x)= 3 or x # 3.
Thus, 1imw _20_ &
-3 x+3 6 3

5. limg(x) = 10 = g(3), S0 g is continuous at x = 3.
X3 3

Quick Review 2.3
2 _ N2 _n(_
1. lim 3x - 2x+1 _ 3(-1 32( D+1 =§=
-l x7 44 D' +4 3

2.(a) im f(x)= lim int(x)=-2
x=>-1" x—=—1"
(b) Iim f(x)= lim f(x)=-1
x—>-1' x——1"
(©) lim] f(x) does not exist, because the left- and right-
hand limits are not equal.
@ f(-)=int(-1)=-1
3.(a) lim f(x) = lim (x> —4x+5)=2%>-4(2)+5=1
x—27 x—2

M) lim f(x)=lim@-x)=4-2=2
x-2" x—2

(© ling f(x) does not exist, because the left- and right-
x—2

hand limits are not equal.

df(2)=4-2=2
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2(l+1J—1

X
(l+1)+5
X

2x—1) 1

x+5 = 2x-1
x+5

1
4. (f°g)(x)=f(g(X))=f(;+1)=

_2l+x)-x  x+2

= ,x#0
d+x)+5x 6x+1"

(gof)(x)=f(g(¢c))=g(

x+5 2x-1 3x+4
+ _

= = ,,x¢—5
2x-1 2x-1 2x-1

5. Note that sinx2= (g o f)(x) = g(f (%)) = g(x*).
Therefore: g(x) = sinx, x>0

(fog)(x) =F(g(x) =f (sin x) = (sin x) or sin’x, x20
6. Note that i =(go £)(x) g(f(x)=y/F(x)— 1. Therefore,

Jfx)-1= % for x > 0. Squaring both sides gives

f)-1= ;15 Therefore, f(x)= ;15 +1,x>0.

1 1
(f°8)(x)—f(g(x))—(_\/x“T‘I‘)‘2‘+1—;:-l+1
1+x—-1 X |
== —— x> |
x—1 x—1

7.2x2+9x-5=0
2x-DE+5)=0

Solutions: x=—, x=-5

1
>

2ere
$=MEIIGFEE S0

{35, 51by {10, 10
Solution: x = 0.453

9. For x <3, f(x) = 4 when 5 — x = 4, which gives x = 1. (Note
that this value is, in fact, £3.)
For x> 3, f(x) =4 when —x?+ 6x—8=4, which gives

x% - 6x+ 12 =0. The discriminant of this equation is
b* - 4ac = (-6)* - 4(1)(12) = —12. Since the discriminant is
negative, the quadratic equation has no solution.

The only solution to the original equation is x= 1.
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10.

'\.\

R
o~

N,

"\
~

[~27.6.7 by [—6, 6]

A graph of f(x) is shown. The range of f (x) is

(=00, 1) U [2, e0). The values of ¢ for which f (x) = ¢ has no
solution are the values that are excluded from the range.
Therefore, ¢ can be any value in [1, 2).

Section 2.3 Exercises

is continuous because it is a

1. The function y= ! 3
(x+2)

quotient of polynomials, which are continuous. Its only

point of discontinuity occurs where it is undefined. There is

an infinite discontinuity at x = -2.

¥} —4x+3

quotient of polynomials, which are continuous. Its only
points of discontinuity occur where it is undefined, that is,

2. The function y= is continuous because it is a

where the denominator x*—4x +3 = (x — 1)(x - 3) is zero.
There are infinite discontinuities at x = 1 and at x = 3.

is continuous because it is a

3. The function y=—
x“+1

quotient of polynomials, which are continuous.
Furthermore, the domain is all real numbers because the

denominator, x%+ 1, is never zero. Since the function is
continuous and has domain (—ee, c0), there are no points of
discontinuity.

4. The function y= !x - Il is a composition ( fog)(x) of the
continuous functions f (x) = !x[ and g(x) =x -1, soitis

continuous. Since the function is continuous and has domain
(=00, 00), there are no points of discontinuity.

5. The function y=+/2x+3 is a composition (fog)(x) of the

continuous functions f(x)=x/; and g(x) =2x + 3, so it is
continuous. Its points of discontinuity are the points not in

the domain, i.e., all x < —% .

6. The function y=3/2x-1 is a composition (fog)(x) of the

continuous functions f(x) = %/; and g(x) =2x -1, soitis
continuous. Since the function is continuous and has domain
(—o0, o0), there are no points of discontinuity.

X

7. The function y="'- is equivalent to
X

x<0
x>0.

It has a jump discontinuity at x = 0.

!

. . - COSXx .
8. The function y = cot x is equivalent to y=——, a quotient
sinx

of continuous functions, so it is continuous. Its only points
of discontinuity occur where it is undefined. It has infinite
discontinuities at x = k7 for all integers k.

9. The function y = ¢* is a composition (f°g)(x) of the

. . 1 .
continuous functions f (x) = ¢* and g(x)=—, soitis
X

continuous. Its only point of discontinuity occurs atx =0,

where it is undefined. Since lim e!/* = eo , this may be
x=0"

considered an infinite discontinuity.
10. The function y = In (x + 1) is a composition (f°g)(x) of

the continuous functions f (x) = In x and g(x) =x + 1, so it
is continuous. Its points of discontinuity are the points not
in the domain, i.e., x <-1.

11. (a) Yes, f(-1)=0. !
(b) Yes, lim’ =0.

x—=1
(c) Yes

(d) Yes, since -1 is a left endpoint of the domain of f and
lim f(x)= f(-1),f iscontinuous at x=-1.
x—>=1"

12. (a) Yes, f(1)=1.
(b) Yes, IimI flx)=2.

(c) No
(d) No
13. (a) No
(b) No, since x = 2 is not in the domain.
14. Everywhere in [-1, 3) except forx=0, 1, 2.
15. Since )]clinz f(x)=0, we should assign f(2) = 0.
16. Since !(1_{)111 f(x)=2, we should r‘elassign‘f‘( D=2
17. No, because the right-hand and left-hand limits are not the
same at zero.
18. Yes, Assign the value 0 to f(3). Since 3 is a right endpoint

of the extended function and lim f(x)=0, the extended
x—3

function is continuous at x = 3.

\\/

[~3,6]by{~1 5]
(a)x=2

(b) Not removable, the one-sided limits are different.




20.

N
N

{~3,61by{~1,5]
(@)x=2
(b) Removable, assign the value 1 to f(2).

21.
/

'

i

[~3, 5] by [~4, 8]
@=x=1
(b) Not removable, it’s an infinite discontinuity.
22.

F Y
[\
[~4.7,47] by [~3.1, 3.1]

(a) x=-1
(b) Removable, assign the value O to f(-1).

23. (a) All points not in the domain along withx=0, 1

(b) x =0 is a removable discontinuity, assign f (0) = 0.

x =1 is not removable, the one-sided limits are
different.

24. (a) All points not in the domain along with x =1, 2

(b) x=1 is not removable, the one-sided limits are
different.

x =2 is aremovable discontinuity, assign f(2) = 1.

2
25. For x#-3, f(x) = > 9_(x+3)x-3) _
x+3 x+3

The extended functionis y = x - 3.

x=3.

3
26. For'xil,f(x)='x2_l
x“ =1
(=D x+])
T (D=1
_x2+x+1
Tox+1

W +x+1

The extended functionis y=
x+1
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27. Since lim 2% — 1, the extended function is

x>0 X

sinx

—, x#0
y=3 x

1, x=0.

28. Since lim 324 — 4 Jim

-0 X -0

function is

sin4x

=4(1) =4, the extended

s1n4x’ %0
y=q x
4, x=0.
29, For x # 4 (and x > 0),

x—-4  (WNx+2}Nx-2) -
= = = 2.
fx) \/—_2 \/;—2 X+

The extended functionis y= \/; +2..
30. For x # 2 (and x # -2),

3 2
x”~4x*=11x+30
fX)=——F—F7"
d x*-4

(=2 (x-5Xx+3)
(x=2)x+2)
_(x=5)x+3)
x+2
_x*=2x-15
x+2
xt-2x-15

The extended function is y = ——————,

x+2

31. The domain of fis all real numbers x # 3. fis continuous at
all those points so fis a continuous function.

32. The domain of g is all real numbers x > 1. fis continuous at
all those points so g is a continuous function.

33. fis the composite of two continuous functions g o & where

g(x)=+/x and h(x)=—— .

x+1
34. fis the composite of two continuous functions g o 2 where
g(x) =sinx and h(x) = X2+ 1
35. fis the composite of three continuous functions gohok
where g(x)=-cos Xy hi(x)= %/;, and k(x)=1-x.

36. fis the composite of two continuous functions
goh where
2

gx)=tanx and h(x)=
x2+4
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37. One possible answer: 42. One possible answer:
Assume y = x, constant functions, and the square root y
"""" function are continuous. 5

By the sum theorem, y = x + 2 is continuous.
By the composite theorem, y=+/x+2 is continuous.

1
By the quotient theorem, y= \/—— is continuous. /
x+2

Domain: (-2, o)

38. One possible answer:

Assume y = x, constant functions, and the cube root 43. One possible answer:
function are continuous.

By the difference theorem, y = 4 — x is continuous. yL

By the composite theorem, y= 34— x is continuous. > L

By the product theorem, y=x?=x-x is continuous. i .

By the sum theorem, y= x*+ 3/4—:—x is continuous. TR R 3

Domain: (oo, co) 4=f(x) 5
39. Possible answer: / L

Assume y=xand y= ’x' are continuous.

By the product theorem, y = x*=x - x is continuous. 44. One possible answer:
By the constant multiple theorem, y = 4x is continuous.

By the difference theorem, y = x? 4xis continuous.

By the composite theorem, y = |x2 - 4x' is continuous.

Domain: (~eo, o0)

40. One possible answer: =N

Assume y = xand y = | are continuous,

Use the product, difference, and quotient theorems. One
also needs to verify that the limit of this function as x
approaches 1 is 2.

Alternately, observe that the function is equivalent to 45.
y=x-+ 1 (for all x), which is continuous by the sum |
theorem. \
Domain: (—ee, o0) : v }
41. One possible answer: ,nkwg‘:‘; al
Rz - PZHNEZ 1S - 2RRNEE
Sy {~3.3] by {-2, 2]

r Solving x =x*- 1, we obtain the solutions x = - 0.724 and

- y=fx x=1221.
SO T B ' i /.x\t ! 46.
: [

Intersection
Habisisa lv=-t52138

[~6,6] by [-4,4]

Solving x = x° + 2, we obtain the solution x =~ —1.521.




47. We require that lim 2ax = lim (x2 -D:
x—-3t x—3"

2a(3)=3%-1
6a=28

a==

3
48. Solve at x =2

f(x)=2x+3=2(2)+3=4+3=7
f(x)=ax+latx=2.1

7=2a+1

6=2a

a=3

49. Solve at x = -1

f)=4-x2=4-(-1)?=4+1=5
f(x)=ax+latx=1

5=a(l)+1
a=4
50. Solve atx =1
fo=x*=1*=1
f(x)=‘x2+,x+a
1= +1+a
a=-1

51. Consider f (x) = x —e~*. fis continuous, f (0) = — 1, and
f(h= 1—l > 0.5. By the Intermediate Value Theorem, for
e

some cin (0, 1),f(c)=0and e “=c.
52. (a) Sarah’s salary is $36,500 = $36,500 (1.035)° for the first

year (0 <t < 1), $36,500(1.035) for the second year

(1 £1<2), $36,500 (1.035)? for the third year
(2 £t< 3), and so on. This corresponds to

y = 36,500 (1.035)™
(b)

-—
S——n
—n

[ ]

p—a

[0, 4.8] by [35000, 45000]

The function is continuous at all points in the domain
{0, S) exceptatt=1, 2,3, 4.
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53. (a) We require:

0 x=0
1.10, 0O<x<1
2.20, l<x<£2
330, 2<x<3
440, 3<x<4
550, 14<x<5
6.60, 5<x<6
1725, 6<x<24.

f=

This may be written more compactly as

—1.10 int(-x), 0<x<6

ﬂx)z{ns, 6<x<24

[0, 24] by [0, 9]

This is continuous for all valyes of xin the domain [0, 24]
except forx=0,1,2,3,4,5,6.

54, False. Consider f (x) = 1/x which is continuous and has a
point of discontinuity at x = 0.

55. True. If fhas a jump discontinuity at x = a, then
lim f(x) lim f(x) sofis not continuous atx =a.
x—a” x—a'

56.B. f(x)= Ja is not defined.

7
57.E. f(x)=vJx-1=V1-1= \/6 is the only defined option.
58.A. f()=1.

59. E. x =3 causes a zero to be in the denominator.

60. (a) The function is defined when 1+ 1 >0, that is, on
x

(=0, ~1) U (0, o0). (It can be argued that the domain
should also include certain values in the interval (-1, 0),
namely, those rational numbers that have odd
denominators when expressed in lowest terms.)

(b)
Jl

[-5, 5] by [-3,10]
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60. Continued 5 y= E Le—(<2)]+3
(c) If we attempt to evaluate f(x) at these values, we %
)" 1 y==x+6
obtain f(~1)= (1 + —1) =0"= o (undefined) and 2
~-1-6 -7 7
1Y M=l 1733
fO)= (1+ —J (undefined). Since fis undefined at 7
0 y=—=(x-1D)+6
these values due to division by zero, both values are ; 25
points of discontinuity. y= -3 X+ 3

(d) The discontinuity at x = 0 is removable because the
right-hand limit is 0. The discontinuity at x = —1 is not 7. y=- 3 (x—1)+4
removable because it is an infinite discontinuity.

3 19
=-Sx4—
(e) yE-gEY
O 1 4
' 8 m=e——=—
f‘/ =3/4 3 i
y==(x-1D)+4
0, 20 by [0, 3] y=dyad
W 3 3
10 £agF
o | 57483 . o 2.5
100 15540 9. Since 2x + 3y = 5 is equivalent to y=——x+—, we use
i00000| 22483 3 3
ML e 1
VB I +HE X3 K m———2—
The limit is about 2.718, or e. %
61. This is because lim f(a+ k) = lim f (x). y=-3k-C0+3
h—0 x~>a 2 7
62. Suppose not. Then f would be negative somewhere in the y= _Ex + 3
interval and positive somewhere else in the interval. So, by
the Intermediate Value Theorem, it would have to be zero 10. _____3 — _5_
somewhere in the interval, which contradicts the hypothesis. 4-2 %0
63. Since the absolute value function is continuous, this follows b-3= Y
from the theorem about continuity of composite functions, 19
64. For any real number a, the limit of this function as x b= 3 !

approaches a cannot exist. This is because as x approaches

a, the values of the function will continually oscillate Section 2.4 Exercises

between 0 and 1. 1 @) N _fO-f2)_28-9_ 19
Section 2.4 Rates of Change and Tangent Y Ax 3-2 1
Lines (pp. 87-94) ) A _fO-fED_2-0_,
Quick Review 2.4 Avt o l-¢h 2
1. Ax=3—-(-5)=8 S ‘
Ay=5-2=3 2'(a)ix_f=i22)-_g@=§;=l
2. Ax=a-1
Ay=b-3 & FUD-700) _T-VAL_ oo
Ax 12-10 2
3om=—2 2 o ¢ -
5-(=2 1 17 5. Y SOSED _1me” 443
Ax 0-(-2) 2
= 3_(_1) :iz—z—
3-(3) 6 3 A _fO-fO_e=e g oy

® 3-1

1




4@ Y SO-fD _0nd=0_Ind_,
Ax 4-1 3 3
® A _£(103)-£(100) _:n103-1n100 1, 103
Ax  103-100 3 3 100

= %1n1.03 ~0.0099

ng(3fr/4)—f(7r/4)=—l—1

5.(a) =-—=-1.273
Ax @Bm/4)~(mw/4) a2
by Y _f@I-fal6) 0-V3_ 33 __ o
Ax (m/2)=(m/6) /3 T
6. (a) & _fm-fO)_1-3 —2~-0637
Ax m—0 T ™

3= 2
py & S fem) 11
Ax T =~ (~1T) 2

7. We use Q, = (10, 225), 0, = (14, 375), 0, = (16.5, 475),
0, = (18, 550), and P = (20, 650).

650-225 _
20-10

650375

Slope of PQ,: 22073712 _ 46
ope of P, =1

650—475

20-165
650550

———— =50
20-18

Secant  Slope

(

(a) Slope of PQ,: 43

Slope of PQ;:

Slope of PQ),:

PQ, 43
PO, 46
PO, 50
PO, 50

The appropriate units are meters per second.
{b) Approximately 50 m/sec

8. Weuse Q,=(5,20), Q,=(7,38),
(9.5,72), and P = (10, 80).

80-20

,=(8.5,56), Q,=

(a) Slope of PQ;: T =12
Slope of PQ,: 81%_ 378 =14
Slope of PQ,: fg _52 =16

8072
Slope of PQ,: =16
ope oL POy 1355
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Secant __Slope
PQ, 12
PQ, 14
PO, 16
PO, 16

The appropriate units are meters per second.

(b) Approximately 16 m/sec

= o = 22
0. @) fim XE2ER=ID) (24— (2)
h—0 h =0 h

— 2.—
= Tim 4—4h+h" -4
h—0 h
2
= lim —4h+h
h—0 h
=lim (-4+h)
h—0
=—4

(b) The tangent line has slope —4 and passes through

2,y(2)=(-2,4)
y=—dlx~(-2)]+4
y=—4x-4

(c) The normal line has slope— % = % and passes through
(=2, yC2)=(-2,4).

1

y=lx=(D)+4
1.0

LTS

(@)

i
[-8, 7] by [-1, 9]

ya+m=-yD
h

10. (a) lim
h—0

2 _ 2
- lim [(A+h) =41+ h)]-[1"=-4)]
h—0 h
. 142h+hP—4—4h+3
= lim
h—0 h
. h*=2h
= lim
h—0 h

=lim (h-2)
h—0
=-2

(b) The tangent line has slope -2 and passes through
(Ly)y=(1,-3).
y=-2(x-1)-3
=-2x~1
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t

10. Continued - 2 _3p-1)—(-
12. (a) lim YO+h)=y©) _ . (" =3h=D- (]
. 1 1 A0 h 70 h
(¢) The normal line has slope - ) = 3 and passes through . B —3n
(Ly(1)=(1,-3). 0 h
= lim (k- 3)
1 h—0
y=—(x-1)-3 =-3
2
y= % x _% (b) The tangent line has slope —3 and passes through
0, y0) =0, -1).
GY)
y==3(x-0)~1
y=~3x—1
. 1 1
(c) The normal line has slope 3 = 3 and passes through
[_67 6] by [—6, 2] (05 )’(0)) = (0’ "1)'
1 1 1
_ ———— y=—(x-0)-1 !
11. (a) ]imy(2+h) y(2)=lim 2+h)-1 2-1 3
h—0 h h—0 h L. 1
y==x
1 3
Bl !
= l. —————
0 h @
- fim 1=+ D q\ 7
k>0 h(h+1) (LM"
/,,w"'
. 1 %]
=lim| ——— 3
hl-r>r(l>( h+ 1) s ’%5:”'/
=-1 [6, 61 by [-5, 3]
(b) The tangent line has slope —1 and passes through 13. (a) Nearx=2, f (x) = I = x.
@,y@) =, 1). Ot ams
. +h)— . (2+h)-2
y=--2r AR i S i -1
y=-x+3
(b) Nearx=-3, f(x) =lx|=-x
1
(¢} The normal line has slope ——— =1 and passes through (= — f(— —h)-
-1 lim LW SCY e, GBS, g
h—0 h h—0 h h—0
2,y2)=@,1).
14. Nearx=1,f(x)=lx~-2l=-(x-2)=2—x.
R @ (x-2)=2-x
y=x-1 lim Sa+m-f@) _ lim 2-0+m))-2-1 — lim l-h-1
h—0 h h—0 h -0 h
(d) =lim-1=-1

h—>0

N
A

[-4.7,4.7] by [-3.1,3.1]




15. First, note that £ (0) = 2.

2
i JOEW=FO) _ . 2-2h=h")-2

B0 h h—0" h
. —2h—h?
= lim
h—0" h
= lim (-2-h)
h—0"
=-2

i LOER=fO) _ o (2h+2)-2
h—0* h h—0*
= lim 2
h—=0*
=2

No, the slope from the left is —2 and the slope from the

right is 2. The two-sided limit of the difference quotient

does not exist.

16. First, note that f (0) = 0.

fim LOER=SO _ o A0

h—0" h 0" h

— 2 — —
lim fO+h)-f0)_ lim (h"=m)-0
h-0" h h—0* h

= lim (h-1)=-1
h—0"
Yes. The slope is 1.
. , 1
17. First, note that f(2)=§
1 1

o RER=FO) 2k 2
h—=0" h h—0" h

2—-2+h)

= lim -
A0 2h(2+h)
. -h
= lim ————
0" 2h(2+h)
= lim —
0 22+ h)
1

4

4-2+h 1

4

lim fQR+m-f(2) _ lim
=0’ h h—0"

- im [4-Q2+h)]-2

h—0" 4h
. —h
= lim —
0" 4h
1

4

Yes. The slope is —% .
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.. . 3
18. No. The function is discontinuous at x = T because

Im f(x) =lim sinx=sin-3—7z=\—/——2- but
x-(3m/4)y x—(3m/4) 4 2

f(a+f2—f(a) lim [(a+h)® +2]-(a* +2)

h—-0
a* +2ah+h*+2-a*-2

19. (a) ’lll_rf(l)

=lim (2a+h)
h—0
=2a

(b) The slope of the tangent steadily increases as a
increases.

2 2

h h—0 h
2a-2a+h)
= lm ———=
=0 ah(a+h)
. -2
= lim
h—0 a(a+ h)
2

! a?

20. (a) lim
h—0

(b) The slope of the tangent is always negative. The
tangents are very steep near x = 0 and nearly horizontal
as a moves away from the origin.

1 1
f@+h=f@ _ . aih-1_ a-1
h h—0 h
_ (a-)—(a+h-1)
T =0 ha—Da+h-1)
=1im_.___i,~_v
-0 (a—1)a+h-1)
1

(a-1)?

(b) The slope of the tangent is always negative. The
tangents are very steep near x = | and nearly horizontal
as a moves away from the origin.

f(a+h2—f(a):hm [9-(a+n)’']-©-a®)

21. (a) llll_r)r(x)

22. (a) }lllir(l)

h—0 h
. 9-a*-2ah-h*-9+d?
= lim
h—0 h
. —2ah—h?
=lim ———
h=0 h
=1lim (-2a-h)
h—0
=-2a

(b) The slope of the tangent steadily decreases as a
increases.




i
i
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23. Let f(#) = 100 - 4.9 %,
i L@ -f2)

h—0 h
iy [100-49C+ 1)?1-[100—-4.9(2)%]
_mm h
—lim 100-19.6-19.6h—4.9h* ~100+19.6
T 0 h
=lim (=19.6—4.9k)
h—0
=-19.6

The object is falling at a speed of 19.6 m/sec.
24. Let f(1) =31
fQA0+h)—£(10) _ lim 3(10+ A)* - 300

lim =
h—0 h =0 h
. 300+60h+3h* —300
=lim
h—0 h
=lim (60+3h)
h—0
=60

The rocket’s speed is 60 ft/sec.

25. Let f(r)= 7rr2, the area of a circle of radius 7.

_ 2 2
lim £GP B _ tim 7(3+h)’ —m(3)
h—0 h h=0 h
. 9w +6mh+mh® -97
=lim

h=0 h
= lim (67 +h)
h—0

=67

The area is changing at a rate of 67 in%in., that is,
67 square inches of area per inch of radius.

26. Let f(r)= %mﬁ

4 ey - Y my
=lim 3 3

im LD f @)

h—0 h h—0 h
4 . 2+h?-2
=—qlim ———
3 >0 h
_4 o B+12h 6k +h’ -8
_3 h—0 h
=fwnm (12+6h+h%)
3 h-0
:£w12
3
=167

The volume is changing at a rate of 167 in¥in., that is,
164 cubic inches of volume per inch of radius.

27.

28.

29.

30.

sUhy=s®) _ 1.86(1+ h)* —1.86(1)°

lim
h—0 h h—0 h
= im 1.86+3.72h+1.861% —1.86
h—0 h
= lim (3.72 +1.86k)
h—0
=372

The speed of the rock is 3.72 m/sec.

_ 2 _ 2
lim s2+h)—s(2) = lim 11442+ h)" —11.44(2)
h=0 h h—0 h
- lim 45.76+45.76h+11.44h* - 45.76

h—0 h
= lim (45.76 +11.44h)
h—0

=45.76
The speed of the rock is 45.76m/sec.

First, fin the slope of the tangent at x = a.
i @t~ f@
h—>0 h
- lim (a+h)? +4(a+h)—1]—(a®> +4a-1)
T o0 h
— lim a®+2ah+h? +4a+4h-1-a" —4a+1
" 0 h

. 2ah+h* +4h
= lim ———

h-0 h
=lm Qa+h+4)

h=0

=2a+4
The tangent at x = a is horizontal when 2a +4 =0, or
a =-2. The tangent line is horizontal at (-2, f(-2)) =
(-2,-5).

First, find the slope of the tangent at x = a.

lim fla+h)—f(a)
h—0 h .
lim B-4(a+h)—(a+h)*1-(3-da-d’)
_hao h

. 3—4a-dh—-a*-2ah-h*-3+4a+d®
= lim

h—-0 h

. —4h—2ah—h?
= lim ——M—

h—0 h
= lim (-4 -2a-h)

h—0

=—4-2a

!

The tangent at x = a is horizontal when 4 —2a =0, or
a =-2. The tangent line is horizontal at (-2, f (-2)) =
=2, 7).
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31. (a) From Exercise 21, the slope of the curve at x = a, is 3. () (272.1-299.3) billion —27.2 billion $5.4 billion
- @) T 1995-1900) years  Syeas |
—( 2 . The tangent has slope —1 when
a —
®) (305.5—294.5) billion _ 11.0 billion
- 11)2 =—1, which gives (a—1)*=1,s0a=0or (2001-2000) years year
a—
.9 —348.6) billi illi
. . © (404.9-348.6) 'bllhon ~$563 billion
a = 2. Note that y(0) = i -1 and y(2)= T 1 (2003-2002) years year
so we need to find the equations of lines of slope -1 @) y=2.177 x2—22.315x +306.443
passing through (0, —1) and (2, 1), respectively.
Atx=0:y=-1(x-0)-1 1 .
y=-x-1
Atx=2:y=-1(x-2)+1
y=-x+3
[-2, 15] by [0, 450]
(b) The normal has slope 1 when the tangent has slope ©
e
-l -1, so we again need to find lines through 1990 to 1995: (2.177(5)* = 22.315(5) +306.443) -
1 (2.177(0)% = 22.315(0) + 306.443)
(0, -1) and (2, 1), this time using slope 1, 5-0
Atx=0:y=1(x—0)-1 _ 54.425-111.575+306.443—306.443
y=x-1 5
Yy =1 — -57.15 -
Atx=2:y=1x-2)+1 =——""=-$11.4 billion
y=x-1 5
f
There is only one such line. It is normal to the curve at 2000 to 2001 : 2.177(11)* =22.315(11)+306.443) —
two points and its equation is y = x —1. @ 177(10)2 —22.315(10)+306.443)
11-10
32. Consider a line that passes through (1, 12) and a point _263.417-2700.115217.7+2231.5
B 1
(a,9- az) on the curve, Using the result of Exercise 22, this $23.4 billio
line will be tangent to the curve at a if its slope is —2a. o year
©-a?)-12 2002 to 2003: (2.177(13)? —22.315(13) +306.443) - (2.177(12)* -
= = =20 22.313(12) +306.443)
a-l 13-12
) _ _ _
9-a"—12=-2a(a-1) =367.913—290.095 313488 +267.756
—-a*-3=-24a>+2a billion
a*-2a-3=0 =$32.1~-—.~-year

(@a+)(a-3)=0

a=—lora=3 (® 2.177(13.1)* = 22.315(13.1) + 306.443 - (2.177(13.)* -

22.315(13) +306.443)
Ata=-1(orx =-1), the slope is ~2(=1) =2, 13.1-13
y=2(x-D+12 373.595—292.327 — 367.913+290.095 billion
y=2x+10 = o1 =$343——
Ata=3(orx = 3), the slope is —2(3) = —6. : year
y=—6(x—1)+12 (2) One possible reason is that the war in Iraq and increased
y=—-6x+18 spending to prevent terrorist attacks in the U.S. caused an

unusual increase in defense spending.
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34. (a)

1+h
41. (a) f(1+h)——f(1)=e —e
h h

®)
]
[-2, 15] by [0, 50] ,_,_.»/
(®) :
36.6-22.6 264-22.6 (~4.43by [~1.5]
PQ=""T—""—=-47 PQ=—-""—=-1 = TH
2000-2003 2003-2001 YO EIT
PQ, = 22.6-220 6 el e rdd
37 2003-2002 fe |27
35, True. The normal line is perpendicular to the tangent line at q‘?gw “2;3,,1_; STERTT
the point. Limit =~ 2.718
36. False. There's no tangent at x = 0 because fis undefined (¢) They’re about the same. ]
atx=0.
* (d) Yes, it has a tangent whose slope is about e.
37.p 55 8 oh
-1-2 3 2. (a) f(l+h;—f(1)=2 h—2
ag.g [O-/O _3+3-T-1_10_g ®)
3-1 2 2
39.C. lim flath)-fla) /
h—0 h 1
-2 2\ ]
x+h x)h
_2x—2‘x—2h(1) {4, 4] by [~1, 5]
=
x“+hx \h ””&’“‘l Y3
__Z% SEH §§§§
2 Rl
RIS
2 K3 311
- —~—-———2~ = —-2 A5y 8 l
EU s Limit ~ 1.386
=mXxX—Xx
;): 2(x- l]) + 2y ! (c) They’re about the same, ¢
y=-2x+4 (d) Yes, it has a tangent whose slope is about in 4.
: ‘ O+m-fO) _fW)
40. A. From 39, m, = ____1_ 43, Let f(‘x): x2/5‘ The graph of y= f :l f = fh
m
1 : is shown.
m2 = ‘i
y= —;—(‘x -D+2 -
13 _”\
y > 2 i
{—4.4]by [—3,3]

The left- and right-hand limits are —eo and o, respectively.
Since they are not the same, the curve does not have a
vertical tangent at x = 0. No.
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s _FO+h)=f(0) _ f(h) 48. This function does not have a tangent line at the origin. As
4. Letf(x)= x™. The graph of y= h T the function oscillates between y = x and y = —x infinitely

often near the origin, there are an infinite number of
difference quotients (secant line slopes) with a value of 1

_’_’A and with a value of —1. Thus the limit of the difference
— quotient doesn’t exist.

is shown.

l The difference quot?ent is M}z—_—& = sm—l— which
[~4.4] by {3, 3] oscillates between 1 and 1 infinitely often near zero.
Yes, the curve has a vertical tangent at x = 0 because 49, Let f (x) = sin x. The difference quotient is
im OO _ fA+R)~f@) _sin(L+h)~sin(l)
70 h h h '

A graph and table for the difference quotient are shown.

45. Let f(x) = x"3. The graph of y= f(0+h2—f(0) - f](ih)

is shown. //"‘*\ N

. S

[~4, 4] by [~ 1.5, 1.5]

< T
[~4,4) by (-3, 3] S00E | it
R
Yes, the curve has a vertical tangent at x = 0 because Yt Fs’g‘g"&
_ fO+h)=£(0) EE N
}ll_i%—h‘**zw- ViBCsintI+¥a-s1.
» Since the limit as & ~ 0 is about 0.540, the slope of y = sin
‘ : . O+h)=f(0) _ f(h ~ : peoly
46. Letf(x) = x*3 The graphof y= I——Z-—j—l—) = %—)- x at x =1 is about 0.540.
is shown. Quick Quiz Sections 2.3 and 2.4
s LD fB3)=f0) ~3+1-40+1_2-1 1
e, T 3-0 3 303
TN 2.E. f(4-h)=§(4)=3 where i — 0
[~4.4] by {3, 3] f@a)=2
The left- and right-hand limits are —co and o, respectively. f@+h)=-4+T7=3
Since they are not the same, the curve does not have a ‘ ,
’ . +h)—
vertical tangent at x = 0. No. 3.B. lim flath=j@
h—0 h
47. This function has a tangent with slope zero at the origin. i 9—(x+h)?-(9-x%)
im
It is sandwiched between two functions, y= x?and h—=0 h
2
y= ~x?, both of which have slope zero at the origin. lim il =lim-2x—h=-2x
B0 h=0
Looking at the difference quotient,
2 2
a y=9-x"=9-(2)
—hs-——————f(OJ’h; FO) ¢, y=5 :
y'=-2)=—4
so the Sandwich Theorem tells us the limit is 0. y=—4(x=2)+5

y=-4x+13
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4.(a) f(3=203)-03’
=6-9=-3

®) fG+h)=2C+h)-GB+h)?
=6+2h—(9+6h+h?)
=-3-4h—h’

© £8+h=1O)

A
_ =3—4h-h*—(=3)

h
=—4-h

(d) 4 -hwhereh - 0-4
Chapter 2 Review Exercises (pp. 95-97)

1 lim (x°=2x2+ D) =(-2)* = 2(2)* +1=~15

X=3=2

) x2+1 (2% +1 5
2. lim 5 = 5 =—
2352 2% +5 3(=2)2-2(-2)+5 21

3. No limit, because the expression v/1—2x is undefined for
values of x near 4.

4. No limit, because the expression Y9 —x2 is undefined for
values of x near 5.

1 1

5. lim2+x 2 _
x—0 X

2—(2+x)__li -X
=0 2x(2+x)  x-02x(2+x)
1 1

1 _—

= lim (— J =— =
-0 2(2+x) 2(2+0) 4

2x%43 22 2
6. lim = lim —=—
xoke0 532 LTy 5x%2 S

S Xt 1

T—“IS 3 12x
12x7+128  12x

7. An end behavior model for

Therefore
Coxtex )
Im————=1lim—x=
1o 12x% 4128 v 12
A

[im = lim ——x=—o0
rome 1207 +128 xo—=12
sin 2. in2.
sin2x _ llim sin2x _ 1(1)= 1
2550 2x 2 2
9. Multiply the numerator and denominator by sin x.

. xesex+1 . x+sinx . sin x
lim = lim =lim| 1+——
x>0 XCSCx x—0 X x>0 X

=(1im1)+[1im5‘-“—’—‘)=1+1=2

x>0 x—=0 X

8. lim
x>0 4x

10. lime*sinx=e%sin0=1-0=0

x=0

11. Let x=%+h, where A is in (0, %) Then

int(2x—1)= int[Z(%)+ 2h— l] =int (6+2h) =6, because 6

+2hisin (6, 7).
Therefore, lim int(2x—1)= lim 6=6.
X772 x-712°

12. Let x=%+h, where £ is in (—%, O). Then

int(2x-1)= int[Z(%)+ 2h~ 1] =int (6+2h) =5, because 6

+2hisin (5, 6).

Therefore, lim int(2x—-1)= lm 5=35
x=7/2" x—=7/27

13. Since lim (—e*)=lime* =0, and—e* < e * cos x <
X—>o0 X=eo
e~ * for all x, the Sandwich Theorem gives

lim e™* cosx = 0.
X—poo

14. Since the expression x is an end behavior model for both

. . X+sinx . X
x+sinx and x + cos x, lim =lim~=1.
x—e0 X+ COSX  x—ee X

15. Limit exists. i
16. Limit exists.
17. Limit exists,
18. Limit does not exist. f
19. Limit exists.
20. Limit exists.
21. Yes :
22. No
23. No
24. Yes
25.(a) lim g(x)=1
x—3"

(b) g(3)=1.5
(¢) No, since lin;_ gx)#g@3).

(d) g is discontinuous at x = 3 (and at points not in the i
domain).

(e) Yes, the discontinuity at x = 3 can be removed by
assigning the value 1 to g(3). ;




26. (a) lmll k(x)=1.5
®) Iitrl{ k(x)=0

©K1=0
(d) No, since linl{ k(x)# k(1)

(e) k is discontinuous at x = 1 (and at points not in the
domain).

(f) No, the discontinuity at x = 1 is not removable because
the one-sided limits are different.

27. \\\

o

)

[~4. 4} by [-3, 3]

(a) Vertical asymptote: x = -2

(b) Lefthand limit = Tim *7 = —co
-2 x+2

Right-hand limit: Hm x+3

x=2" x+2
28. J
Al

f~4,4] by {33}

= co

(a) Vertical asymptotes: x =0, x = -2

(b) Atx=0:
Left-hand limit = lim Ll- = —co
=07 x (x+2)
Right-hand limit = lim =t =—o0
=0 X (x+2)
Atx=-2:
Left-hand limit = lim A— =co
x=2" x (x+2)
Right-hand limit = lim L —o0
=2 x*(x+ 2)
29. (a) Atx=-1:

Left-hand limit = lim f)= ]im D=1
Right-hand hrmt— ]1m f(x): hm (=x)=1

X'
Atx=0:

Left-hand limit = llm f(x)= 11m (-x)=0
Right-hand 11m1t— 11m f(x)— hm (=x)=0
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Atx=1:
Left-hand limit = lim f(x)= lim (-x)=-1
x=1" x=1"
Right-hand limit = lim f(x)= lim (I)=1
x—-1" x-1"

(b) At x=-1: Yes, the limit is 1.
At x=0: Yes, the limit is 0.

At x = 1: No, thé limit doesn’t exist because the
two one-sided limits are different.

(c) At x =-1: Continuous because f(~1) = the limit.
At x = 0: Discontinuous because f (0) # the limit.
At x = 1: Discontinuous because the limit does
not exist.

30. (a) Lefthand limit = im f(x)= lim ‘x3_4xi
x> x-1

=|° - 4| =-3|=
Righthand limit = lim f(x)= lim (x> —2x-2)
x-1" x>
= -2)-2=-3
(b) No, because the two one-sided limits are different.
(c) Every place except for x =1
d) Atx=1

31. Since f (x) is a quotient of polynomials, it is continuous and
its points of discontinuity are the points where it is
undefined, namely A= 2andx=2.

32. There are no points of discontinuity, since g(x) is
continuous and defined for all real numbers.

33. (a) End behavior model; 2 —, or g
X

(b) Horizontal asymptote: y = O (the x-axis)

. 2x?
34. (a) End behavior model: —,or2
X

(b) Horizontal asymptote: y =2

3
35. (a) End behavior model: x ,or x2
X

(b) Since the end behavior model is quadratic, there are no
horizontal asymptotes.

4
36. (a) End behavior model; —,orx

!
(b) Since the end behavior model represents a

nonhorizontal line, there are no horizontal asymptotes.

X
37. (a) Since lim 25~ = fim (—+1)_1 atight end

x—ee  o% X2\ @

behavior model is e*.

X=y—o0 X X—>—oo

X X
) Since lim >4 = Jim [1+6—J=1,a1eftend
X

behavior model is x.




84 Chapter 2 Review

i (1) ()=
38. (a, b) Note that xlig:l“[—-m) = xlggo(ln]xl) =0 and

_L<_sin_x<__l_ forall x #0.
ln[‘xl ln’x! lnlxl

Therefore, the Sandwich Theorem gives

lim sm_x =0 . Hence

x—>ieo ln!xl

L LCLEN PO 52 I
PARIY ln’x. x—>ieo ln|‘x|

soln|x| is both a right end behavior model and a
left end behavior model.

2 —
x“+2x 15=lim(‘x Nx+5)

x=-3 =3 x=-3
=lim(x+5)=3+5=8.
x—3

39. lim f(x) = lim
x—3 x—3

Assign the value k = 8.
40. lim f(x)= lim S0% Ly sinx _ 1oy 1
x—0 x>0 2x 2x-0 x 2 2

Assign the value k= —;- .

41. One possible answer:

- Lt | Y T T I | X

~

llllll/I)III
5

y=f

g3, [TD-1O) _2-1
w/2-0 w2

44. lim

45, lim

-1-17(a +h)?*H - %mzzH

V(a+h)—-V(a) =1im3
h—0 h =0 h
2 2 2

=177H1im a“+2ah+h”—a

3 h—0 h
= l7TH Him (2a+ h)

3 h—0

1
==7HQa)

3
= —2-7raH

3

Sta+h)=5@) _ . 6a+h)’-6d’

) h =0 h

. 6a*+12ah+6h* —6a>
= lim

h=0 h
=lim (12a+6h) ;

>0
=12a

46. lim M):_JL“)

h-—0

i @ P~ @+ ) -2]-(@*~a-2)
h—0 h
i ©t2ahth —a-h-2-a’+a+2
wh——)O h
. 2ah+h’—h
= lim =
h—0 h
=lim (2a+h-1)
h—0
=2a-1
. , ) .
47, (@) tim LTS D [+ h)” =30 A= (=)
h—0 h h=>0 h 3
. 1+2h+h*=3-3h+2 [
= lim :
h—0 h

= lim (~1+ /)
h=-0 |

=-1

(b) The tangent at P has slope —! and passes through

(1, -2).
y=-l(x-1)-2
y=-x-1

(c) The normal at P has slope 1 and passes through (1, -2).
y=1l(x~1)-2
y=x-3




48. At x = a, the slope of the curve is

(@+h)-f@ _ . [Ka+h’-3a+h)-(a’~3a)
h

h=0 h
. a’+2ah+h*-3a-3h-a*+3a
= lim
h—0 h
- Ji 28R =30+ n?
h—0 h
=1limQa-3+h)
h—0
=2a-3
The tangent is horizontal when 22 -3 =0, at

limf

h—0

a= —%(orx = —3-) Since f(%) = —-?1-, the point where this

2 2
(3 9
occurs is | =,—= |.
3-3)
49. (a) p(0)=—220___200_ s

1+7e%1@ 8

Perhaps this is the number of bears placed in the
reserve when it was established.

200 200

1= 14 Te
(c) Perhaps this is the maximum number of bears which
the reserve can support due to limitations of food, space,
or other resources. Or, perhaps the number is capped at
200 and excess bears are moved to other locations.

50. a) f (‘x)z{3‘,20—1.35mt(—x+1), gzgs 20

(Note that we cannot use the formula £ (x) = 3.20 + 1.35
int x, because it gives incorrect results when x is an
integer.)

()

[0, 20} by [-5, 32]
fis discontinuous at integer values of x: 0, 1,2, ..., 19.

51. (a)

{5, 20} by (15000, 18000]

17,019-15,487 1532

=306.4
2003-1998 5
_17,019-15,759 1260 _

P = =
2, 2003-1999 4

(b) PO, =

315
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_17,019-15,983 1036

PO, = =3453
% 2003 - 2000 3
_17,019-16,355 _664 ..,

47 2003-2001 2
PO, = 17,019-16,692 ___§E=327
2003 -~2002 1
(c) We use the average rate of change in the population

from 2002 to 2063 which is 327,000

(d) y =309.457 x + 12966.533, rate of change is 309
thousand because rate of change of a linear function is

its slope.
52.Let A=1lim f(x) and B=1limg(x). Then A + B=2 and
X X—¢

A~ B=1. Adding, we have 2A =3,s50 A= -2—, whence

3 +B =2, which gives B= l Therefore, lim f(x)= 3
2 2 x=¢ 2

and 11‘1_12 gx)= %
53.(a)x~9=0
All x not equal to -3 or 3.
(b)x=-3,x=3

X

_qu

(c) lim =
X300 "xz

y=0
(d) When x -9 —0, f(x) — oo.
x=-3 and x = 3 are discontinuous.

(e) Yes. It is continuous at every point in its domain.




